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ABSTRACT
The nature of the dark sector of the Universe remains one of the outstanding problems in mod-
ern cosmology, with the search for new observational probes guiding the development of the
next generation of observational facilities. Clues come from tension between the predictions
from ΛCDM and observations of gravitationally lensed galaxies. Previous studies showed
that galaxy clusters in the ΛCDM are not strong enough to reproduce the observed number of
lensed arcs. This work aims to constrain the warm dark matter cosmologies by means of the
lensing efficiency of galaxy clusters drawn from these alternative models. The lensing charac-
teristics of two samples of simulated clusters in the warm dark matter (ΛWDM) and cold dark
matter (ΛCDM) cosmologies have been studied. The results show that even though the CDM
clusters are more centrally concentrated and contain more substructures, the WDM clusters
have slightly higher lensing efficiency than their CDM counterparts. The key difference is that
WDM clusters have more extended and more massive subhaloes than CDM analogues. These
massive substructures significantly stretch the critical lines and caustics and hence they boost
the lensing efficiency of the host halo. Despite the increase in the lensing efficiency due to the
contribution of massive substructures in the WDM clusters, this is not enough to resolve the
arc statistics problem.
Key words: Gravitational lensing: strong - Galaxies: clusters - Dark matter - Cosmology:
theory - Methods: numerical.
1 INTRODUCTION
The standard model of cosmology (Cold Dark Matter + Dark En-
ergy) is found to be in good agreement with the observational data
on large scales of the Universe (e.g. Cole et al. 2005; Percival et al.
2010; Komatsu et al. 2011; Addison et al. 2013). However, there are
a few discrepancies between observations and the CDM model. For
instance, the ΛCDM cosmology predicts that many more satellites
must be around Milky Way-sized galaxies than the observed satel-
lites (Klypin et al. 1999; Moore et al. 1999). This problem could be
resolved by adopting warm dark matter model as an alternative to
the standard model (e.g. Colı´n et al. 2000; Bode et al. 2001; Lovell
et al. 2014).
Gravitational lensing has revealed another discrepancy be-
tween observation and the current cosmological model. Galaxy
clusters are observed to produce more lensed giant arcs than pre-
dicted by the ΛCDM model (for a review see Meneghetti et al.
? E-mail: hareth@physics.usyd.edu.au
2013). This discrepancy is known as the arc statistics problem and
was firstly addressed by Bartelmann et al. (1998). Further work
from Wambsganss et al. (2004) was showed that the lensing opti-
cal depth for giant arcs is strongly dependent on the source redshift
due to the very steep cluster mass function. Contrary to Bartelmann
et al. (1998), these authors have found that the abundance of giant
arcs in the ΛCDM model agrees with that of the observed clus-
ters when using a wider range of source redshift. However, later
research by Li et al. (2005) confirmed the arc statistics problem
and found that the optical depth increased at a slower rate with
the source redshift than reported in Wambsganss et al. (2004). A
recent study from Meneghetti et al. (2011) has confirmed the find-
ings of Bartelmann et al. (1998). However the new study shows
that the arc statistics discrepancy between the lensing efficiency of
the observed clusters and the ΛCDM clusters is about a factor of
two rather than one order of magnitude. We note that the lensing
efficiency can be significantly boosted during the cluster mergers,
where the lensing cross section can increase by one order of magni-
tude or more on a time scale of ∼ 0.1 Gyr (Torri et al. 2004). It has
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also been found that the ΛCDM clusters produce smaller Einstein
radii than those observed (e.g. Broadhurst & Barkana 2008; Zitrin
et al. 2011). The abundance of giant arcs is found to be sensitively
dependent on the concentration of matter in their cores, and hence
provides a statistical constraint on the density profile of galaxy clus-
ters (e.g. Wu & Hammer 1993; Oguri et al. 2001). The optical depth
for giant arcs could be boosted drastically by increasing the normal-
isation of power spectrum (Fedeli et al. 2008). Puchwein & Hilbert
(2009) investigated the contribution of structures along the line of
sight to the strong lensing efficiency. They found that the abun-
dance of giant arcs for individual clusters could be increased by
up to ∼ 50 per cent, showing that its contribution becomes more
significant for clusters of lower masses and sources at higher red-
shifts. Baryonic processes can steepen the central density profile
of galaxy clusters and hence increase lensing efficiency by a small
factor. However, that is not enough to resolve the dicrepancy ob-
served (e.g. Puchwein et al. 2005; Rozo et al. 2008; Wambsganss
et al. 2008; Mead et al. 2010; Killedar et al. 2012).
These studies have all used CDM, however, the fundamental
nature of dark matter is still a subject of debate. The dark matter
in the Universe must be non-baryonic, but the important question
that needs to be answered is: Is the dark matter hot, cold or warm?
Hot dark matter scenario has been ruled out in the early 1980s as
the free streaming scale is found to be too large and hence galaxies
would not form (White et al. 1983). On the other hand, the structure
formation in the Universe based on the cold dark matter scenario
has been a great success at describing the large scales of the Uni-
verse (e.g. Blumenthal et al. 1984; Davis et al. 1985). The ΛWDM
cosmology has started to receive more attention in the last several
years as it agrees better with observations on small scales (e.g.
Lovell et al. 2012; Schneider et al. 2012; Libeskind et al. 2013).
The differences between the structure formation of the CDM and
WDM have been outlined by Bode et al. (2001). These authors have
pointed out that the WDM structures have larger core radii, lower
core densities and less abundance of substructures.
Therefore, it is only natural to study whether WDM is a so-
lution to the arc statistics problem. In the present work, we ex-
plore both ΛCDM and ΛWDM cosmologies to improve our under-
standing about the differences of structures between the two cos-
mologies and how those differences affect the lensing efficiency
to produce giant arcs. Naively, one would expect that the WDM
clusters produce smaller Einstein radii and cross sections than their
CDM counterparts as they are less concentrated and contain fewer
substructures. This should result in smaller convergence and shear
fields which in turn lead to a lower lensing efficiency. However,
our results show that the WDM clusters are slightly more efficient
than the CDM analogues due to some physical differences between
these two cosmologies. To confirm these physical differences, we
compare in a companion study Elahi et al. (2014) the mass accre-
tion and internal properties of the WDM and CDM clusters.
Our paper is organised as follows: In Section 2, we describe
the numerical methods used in this work. We then present the main
results of this study (Section 3) and a brief description on why the
WDM clusters are slightly stronger lenses than the CDM counter-
parts (Section 4). Finally, we discuss our results and conclude in
Section 5.
Table 1. Cluster Properties at z=0. Mvir is the virial mass of the halo,
expressed in units of 1015 h−1 M, assuming ∆vir=200; Rvir is the
virial radius, in units of h−1 Mpc; and NDM is the number of dark matter
particles within Rvir .
Mvir Rvir NDM
1015 h−1 M h−1 Mpc
C1 1.02357 2.06 681684
C2 0.74462 1.85 507416
C3 0.62294 1.74 423850
C4 0.52151 1.64 357024
C5 0.49527 1.61 322581
C6 0.43871 1.55 309802
C7 0.42237 1.53 298265
C8 0.40659 1.51 297888
C9 0.40326 1.51 269994
C10 0.41351 1.52 292005
2 NUMERICAL METHODS
2.1 Simulations
We study 10 pairs of clusters extracted from zoom simulations (see
Table 1 for their bulk properties at z=0). These zoom simulations
used a parent simulation of Lbox = 150h−1Mpc containing 1283
particles in the ΛCDM model (h = 0.7, Ωm = 0.3, ΩΛ = 0.7, and
σ8 = 0.9). Clusters with masses of > 1014 h−1M were iden-
tified in the parent simulation using AHF, which uses a overden-
sity threshold approach to identify halos (AMIGA’s Halo Finder; cf.
Knollmann & Knebe 2009). The overdensity used to define the halo
corresponded to the so-called virial radius rvir, where the mean
interior density is ∆vir times the critical density of the Universe
at that redshift, ρc(z) = 3H2(z)/8piG, where H(z) and G are
the Hubble parameter and the gravitational constant, respectively.
For ten such clusters, we identified all particles within a radius of
∼ 3Rvir of the cluster at z=0 in the parent simulation and deter-
mined their initial positions using a inverse Zel’dovich transfor-
mation to obtain the particle positions at z = ∞, from which we
determined the spatial extent of the initial Lagrangian volume. This
volume defines the central region of a multi-level mask for the high
resolution region. The resampled lagrangian regions are initialised
using ΛCDM and ΛWDM cosmologies, which primarily differ in
the power included at small scales. We present here a brief descrip-
tion of the ΛWDM model, for more details see Elahi et al. (2014).
Our ΛWDM model used is a 0.5 keV thermally produced dark mat-
ter particle (Bode et al. 2001), which results in a suppression of
growth for halo with M . Mhm = 2.1× 1011 M, the so-called
half-mode mass scale where the WDM power spectrum is 1/4 that
of the CDM one (Schneider et al. 2012). All simulations are run
with GADGET2, a TreePM code (Springel 2005) and the zoom sim-
ulations used a gravitational softening length based on Power et al.
(2003), i.e., opt = 4 rvir/
√
Nvir.
2.2 Ray tracing method
Mock lensing maps for two samples of simulated clusters in
WDM and CDM cosmologies were produced using the ray tracing
method. Mapping the light rays from the lens plane to the source
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plane can be done using the lensing equation:
β = θ − α(θ), (1)
where β and θ are the angular positions of light rays on the source
and lens planes, respectively and α(θ) is the deflection angle of
light rays on the lens plane, which is given by:
α(θ) =
1
pi
∫
κ(θ′)
θ − θ′
|θ − θ′|2 d
2θ
′
, (2)
where κ is the convergence. For gravitational lens under the thin
lens approximation, the convergence is simply proportional to the
projected surface mass density, κ = Σ
Σcrit
, where Σcrit is the crit-
ical surface mass density that depends on the angular diameter dis-
tances between observer and lensDL, between observer and source
DS and between lens and source DLS :
Σcrit =
c2
4piG
DS
DLDLS
, (3)
Note that the thin lens approximation hold as clusters, the grav-
itational lenses studied here, are much smaller than the above-
mentioned distances. For this study, we place our lens and source
planes at redshifts of zL = 0.3 and zS = 2.0 respectively.
The deflection angle is evaluated by multiplying the conver-
gence map with the kernel from equation 2 in Fourier space, that
is
α(θ) =
1
pi
[κ(θ) ∗K(θ)] , (4)
where
K(θ) =
θ
|θ|2 . (5)
We implement a zero-padding method to overcome the peri-
odicity of Fourier transform when convolving the convergence with
the kernel function.
For our clusters, we use only particles within = 2.5Mpc of
the cluster centre to calculate the convergence by projecting them
onto two 2D grids: The particles within 0.5Mpc are projected onto
a small high resolution grid of (1024 x 1024) such that the angular
resolution is 0.22 arcsec and the rest of particles are projected onto
a larger lower resolution grid of 5Mpc of 1024 x 1024. The pro-
jected surface mass density is smoothed using a truncated Gaussian
kernel of size of 5 h−1kpc in order to overcome the numerical noise
due to the discreteness of N-body simulation. The contribution of
particles in the outer grid to the deflection angle and shear fields of
the inner grid has been taken into consideration by implementing
a bilinear interpolation scheme between both maps. This technique
was also used in Killedar et al. (2012) and its advantage is that it
actually produces high resolution lensing maps for the core of clus-
ters where the strong lensing regime can happen.
The magnification of an image is characterized by the Jaco-
bian matrix that can be writen in terms of the convergence and the
two components of shear γ1 and γ2 as follows:
A = ∂β
∂θ
=
 1− ∂2ψ∂θ2x ∂2ψ∂θx∂θy
∂2ψ
∂θx∂θy
1− ∂2ψ
∂θ2y

=
(
1− κ− γ1 −γ2
−γ2 1− κ+ γ1
)
(6)
where ψ is the lensing potential:
ψ =
1
pi
∫
κ(θ
′
) ln |θ − θ′ | d2θ′ . (7)
The total magnification of an image is given by µ = 1
det|A| . Re-
gions of high magnification on the lens plane occur whenever the
determinant of Jacobian matrix vanishes. The two curves associated
with this criteria are the radial critical curve where the radial eigen-
value λr = 1−κ+γ goes to zero and images are radially elongated
with respect to the curve and the tangential critical curve (a.k.a
Einstein curve) where the tangential eigenvalue λt = 1 − κ − γ
vanishes and images are tangentially elongated with respect to the
curve. The corresponding curves to the critical lines on the source
plane are the radial and tangential caustics.
Associated to the tangential critical curve is the Einstein ra-
dius of a lens. This radius is defined as the size of the tangential
critical line, even though it happens to be a circle only for axisym-
metric smooth mass distribution. The literature contains several
techniques to estimate Einstein radius. For instance, Broadhurst &
Barkana (2008) define Einstein radius as the projected radius within
which the mean convergence equal to one (κ¯=1), Meneghetti et al.
(2011) on the other hand define Einstein radius as the median dis-
tance of critical points on the tangential critical line with respect
to the center of lens. Other studies use
√
A
pi
to measure Einstein
radius, where A is the area enclosed by the tangential critical line
(e.g. Puchwein & Hilbert 2009). Redlich et al. (2012) refer to the
last two definitions as median and effective Einstein radius, respec-
tively. These authors pointed out that the agreement between these
two definitions is moderate with systemically smaller effective Ein-
stein radius than the median one. This proves that the median Ein-
stein radius captures the significant effect of lens ellipticity in com-
parison to the effective Einstein radius. Furthermore, the effect of
a more pronounced shear field from substructures is to push the
tangential critical points outward where the convergence is compa-
rably low, leading to more elongated Einstein radii. For these two
reasons, we decided to estimate Einstein radius using the definition
used in Meneghetti et al. (2011).
As we have already mentioned, subhaloes can stretch Einstein
radius if they are relatively close to the cluster’s core. However, if
those strong substructures are relatively faraway from the core of
the clusters, they can develop their own critical lines. We estimate
Einstein radius as the size of tangential critical curve that corre-
sponds to the cluster’s core, where the density of a cluster is high
enough for the strong lensing regime to be occurred.
To account for the limited number of clusters we have, we
compute the lensing cross section for 150 different lines-of-sight
(los). Since individual clusters will have different central concen-
trations and triaxiality (e.g. Dalal et al. 2004; Oguri et al. 2005),
using a single los would bias our results significantly.
To study the strongly lensing characteristics of our clusters
we calculate the cross section for giant arcs, defined as the area
on the source plane where a source must be located in order to
be lensed as a giant arc. For each los, we throw down thousands
of sources close to the caustics, where we expect the sources to be
lensed as giant arcs. Those sources are assumed to follow a uniform
ellipticity distribution from [0:0.5] with equivalent radius of size
0.5 arcsec and random orientations. We then compute the lensing
cross section as the area on the source plane covered by sources
that are lensed as giant arcs to the image plane.
© 2013 RAS, MNRAS 000, 1–10
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 0  0.5  1  1.5  2  2.5  3
C1 - CDM C1 - WDM C2 - CDM C2 - WDM
C3 - CDM C3 - WDM C4 - CDM C4 - WDM
C5 - CDM C5 - WDM C6 - CDM C6 - WDM
C7 - CDM C7 - WDM C8 - CDM C8 - WDM
C9 - CDM C9 - WDM C10 - CDM C10 - WDM
Figure 1. The convergence maps for CDM and WDM clusters by considering the rotation matrix that produces the median value of cross section for WDM
clusters, the green lines are the critical lines on the lens plane and the blue lines represent the corresponding caustics on the source plane. The side length of
each grid is 1 Mpc and the color bar has been set to be in the range [0:3] for all panels.
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3 RESULTS
3.1 Mock lensing maps
Figure 1 shows the convergence maps for all clusters. Here the
green and blue lines are the critical lines on the lens plane and the
caustics on the source plane, respectively. This figure illustrates the
effect of the larger substructures in the WDM version of some clus-
ters on the critical lines and caustics. Note that here we have cho-
sen to show the orientation that corresponds to the median value
of cross section for WDM clusters in the following figures. Similar
maps can be done for the lensing shear and deflection angle.
3.2 Lensing Cross Sections & Einstein Radii
The length-to-width ratio L/W of the corresponding images is
measured by means of the eigenvalues of the magnification tensor
λr and λt. Two types of images are expected: images elongated in
the radial direction of critical line which occur when |λt| is larger
than |λr| and images elongated in the tangential direction with re-
spect to critical line that happen when |λr| is larger than |λt|. So,
any image with
∣∣∣ λtλr ∣∣∣ or ∣∣∣ λtλr ∣∣∣ greater than some physically mean-
ingful threshold η, would be classified as a tangential or radial arc
respectively. This technique for computing the lensing cross section
was firstly proposed by Fedeli et al. (2006). The elongation thresh-
old throughout this work is chosen to be η = 7.5 as previously con-
sidered in the literature (e.g. Puchwein et al. 2005; Redlich et al.
2012). Higher elongation thresholds lead to a smaller number of
giant arcs and less elongation thresholds are very sensitive to the
ellipticity of sources (Killedar et al. 2012).
Figure 2 shows the probability density function of cross sec-
tions of both CDM and WDM samples. The upper panel shows
the probability of cross section due to all arcs while the middle
and lower panels show the probabilities of cross section due to
tangential and radial arcs, respectively. The error bars represent
the statistical error for each bin and the sub-plots show the differ-
ence between the two distributions. This figure illustrates that the
WDM clusters are slightly stronger lenses than the CDM counter-
parts even though they are less concentrated and contain fewer sub-
structures. The figure also illustrates that the WDM clusters have a
more significant tail of large cross sections for radial arcs, which
means that the radial arcs are more common in the WDM clusters
than in the CDM counterparts.
This difference is also seen in the distribution of Einstein
radii, as shown in figure 3. We see that the WDM clusters produce
slightly larger Einstein radii than their CDM analogues.
As we use the same orientations with respect to the los for
both cosmologies, we plotted the lensing cross sections and Ein-
stein radii of the WDM version as a function of those two lensing
quantities for the CDM counterpart, as shown in Figure 4 and 5.
Again, these two figures illustrate that the WDM version of our
sample of clusters produces higher lensing efficiency than their
CDM analogues for most of the 1500 los as they lie above the unity
line. We found that 64 % and 60 % of the lines of sight produce
higher lensing cross sections and Einstein radii, respectively, in the
WDM version of clusters.
In Figure 6, we show the tight correlation between the lens-
ing cross sections and Einstein radii for CDM and WDM clusters.
The color bar of the distributions represents the mean shear on the
grid for each los. The figure illustrates that the WDM clusters can
produce stronger shear field than the CDM counterparts even they
have fewer substructures. This figure also illustrates that the lens-
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Figure 2. The probability distribution function of cross sections due to all
giant arcs (upper panel), tangential arcs only (middle panel), and the radial
arcs only (lower panel). The PDF of CDM clusters is shown in (blue) and
the counterpart PDF of WDM clusters is shown in (red), the blue, red and
black arrows point to the median cross section of the CDM and WDM sam-
ples as well as the observed sample in (Meneghetti et al. 2011). The error
bars represent the statistical error for each bin and the sub-plots show the
difference between the two distributions.
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Figure 3. The probability density function of Einstein radii for CDM sam-
ple (blue) and WDM sample (red). The blue, red and black arrows point to
the median Einstein radius of the CDM and WDM samples as well as the
observed sample in (Meneghetti et al. 2011). The error bars represent the
statistical error for each bin and the sub-plot shows the difference between
the two distributions.
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Figure 4. The lensing cross sections of the 1500 los for the WDM version
of all clusters versus the cross sections of the CDM counterparts, the black
line is the unity line.
ing cross section and Einstein radius are strongly dependent on the
lensing shear, we also found a similar behaviour when the distribu-
tions are coloured with the mean convergence on the grid. For this
reason, the lensing properties of simulated clusters must be studied
by considering different lines of sight. Each line of sight for a par-
ticular cluster has a unique convergence and shear fields due to the
triaxiality of haloes and the existence of substructures, hence we
get a unique Einstein radius and cross section for individual lines
of sight. The green squares in the lower panel of Figure 6 repre-
sent the observed sample of clusters from (Meneghetti et al. 2011).
Despite the slight enhancement in the lensing efficiency when con-
sidering WDM cosmologies, it appears that none of our simulated
clusters can reproduce the observed data of 4 clusters in Meneghetti
et al. (2011) which have very high Einstein radius and cross section
for giant arcs.
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Figure 5. Einstein radii of the 1500 los for the WDM version of all clusters
versus Einstein radii of the CDM counterparts, the black line is the unity
line.
The median cross section and Einstein radius over the 150
los along with the 16th and 84th percentiles are plotted against
the virial mass of clusters as shown in Figures 7 and 8. We found
that eight of the WDM clusters produce higher lensing cross sec-
tions than their CDM counterparts. We also found that seven of the
WDM clusters produce larger Einstein radii than the CDM ana-
logues. These figures show that the WDM version of most of the
clusters produced significantly higher lensing efficiency in com-
parison to its CDM counterpart. The figures also demonstrate that
the variations of the lensing cross sections and Einstein radii of
most clusters are significantly wide due to the triaxility of clus-
ters and existence of big subhaloes. This means that the number
of lines of sight used in this paper are fairly enough to study the
lensing characteristics of galaxy clusters. We also think that the
clusters that have narrow distributions are probably more spheri-
cal and have fewer big subhaloes. The WDM version of the cluster
c10 which produces a higher lensing cross section, has actually a
slightly smaller Einstein radius than its CDM counterpart. This is
most likely due to the effect of faraway substructures from a clus-
ter’s core, if these subhaloes are massive enough, they can develop
their own critical lines and caustics, such that they can contribute to
the cross section of the clusters, while their contribution to Einstein
radius is negligible. We found that the cross section and Einstein
radius of the WDM version of our sample could be boosted by up
to∼ 29% and∼ 24%, receptively, in comparison to its CDM coun-
terpart.
We perform a least squares fit using log(σ7.5) = m log(θE)+
b to the data of both samples. The slope, intercept and the correla-
tion coefficient of the linear fitting are shown in Figure 6. The black
lines in Figure 6 show a linear fit to each data set. We found a shal-
lower slope and higher normalisation in the WDM cosmology in
comparison to the CDM one. This suggests that the contribution of
the source ellipticity to the lensing cross section is more important
for the WDM version of the clusters, which is another evidence
for the effect of larger size subhaloes in the WDM clusters. These
large substructures significantly modify the shear field such that the
effect of sources ellipticity is more significant.
We compare our fit for the CDM sample with those from
Meneghetti et al. (2011) and Killedar et al. (2012) as shown in
green and red lines, respectively, in the upper panel of Figure 6.
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Gravitational lensing in WDM cosmologies 7
1
10
20 CDMm = 1.52+/-0.011b = -4.8+/-0.013
r2 = 0.93
best fit
M+2011
K+2012  0.06
 0.08
 0.1
 0.12
 0.14
 0.16
 0.18
 0.2
 0.22
 0.24
 0.26
10 100
θΕ (arcsec)
σ 7.
5 (
10-
3 M
pc2
.h-
2 )
0.1
1
10
20 WDMm = 1.5+/-0.012b = -4.78+/-0.014
r2 = 0.92
best fit
OBS M+2011  0.05
 0.1
 0.15
 0.2
 0.25
 0.3
 0.35
Figure 6. The correlation between the lensing cross sections and Einstein
radii for CDM clusters (upper panel) and WDM clusters (lower panel). The
black line in both panels shows the best linear fitting to the data. The green
line in the upper panel shows the best linear fitting of Meneghetti et al.
(2011) and the red and blue lines show the best linear fit of Killedar et al.
(2012) by considering the subsample of relaxed clusters and the whole sam-
ple, respectively. The data points are coloured with the corresponding mean
shear on the grid. The green squares in the lower panel are the observational
data from Meneghetti et al. (2011)
.
Our fit agrees with that of Meneghetti et al. (2011), even though
we still get a shallower slope and higher normalisation. This can
be due to the cluster lens redshift, our clusters are simulated up to
redshift z = 0 but we place them at redshift zL = 0.3, whereas
the clusters in Meneghetti et al. (2011) were taken from simula-
tion at redshift z > 0.5. Also, it can be attributed to the adopted
technique for computing the lensing cross section, the length-to-
width ratio of images in this work is quantified by means of the
eigenvalues ratio, whereas the giant arcs in Meneghetti et al. (2011)
was identified by fitting different geometrical figures to the images,
they considered ellipses, circles, rectangles and rings, and then they
pick up the figure whose circumference matches best with that of
the image under consideration. A comparison between the eigen-
values technique for computing the lensing cross section and that
adopted in Meneghetti et al. (2011) has been done by Redlich et al.
(2012). These authors have found that the geometrical figures fit-
ting method in Meneghetti et al. (2011) fits 99% of the lensed arcs
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Figure 7. The median cross section for giant arcs along with the 16th and
84th percentile over the 150 los as a function of the virial mass of CDM
version of clusters (blue squares) and WDM counterparts (red circles).
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Figure 8. The median Einstein radius for giant arcs along with the 16th and
84th percentile over the 150 los as a function of the virial mass of CDM
version of clusters (blue squares) and WDM counterparts (red circles).
to rectangles and that method gives identical results to the eigen-
values method if only ellipses are fitted to the lensed arcs. This
means that the geometrical fitting method gives a higher lensing
cross section than the eigenvalues method by a factor of 4
pi
. The
huge disagreement between our relation and that from Killedar
et al. (2012) by considering their subsample of relaxed clusters at
redshift zL = 0.25 can most likely be due to some physical differ-
ences between our clusters and theirs (e.g. different abundance of
substructures).
4 WDM (SLIGHTLY) STRONGER LENSES THAN CDM?
This result might seem initially counter intuitive since WDM clus-
ters contain less substructures and CDM clusters are more concen-
trated. A more centrally concentrated mass distribution will pro-
duce stronger convergence field, and more substructures will in-
crease the shear field. Based on this naive prediction, the CDM
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Figure 9. Maximum circular velocity radius as a function of enclosed mass
for the subhaloes associated with the most massive haloes in the all ten
clusters (upper panel) and for the CDM subhaloes that have matches in the
WDM version (lower panel). We show the median and the 16th and 84th
percentiles for several mass bins of the CDM distribution (black error bars)
and the WDM distribution (red error bars).
clusters should produce larger cross sections and Einstein radii than
the WDM counterparts. However, our results show that eight of the
WDM clusters produce higher lensing efficiency than the CDM
version of the clusters. We found that the key difference in the
WDM clusters is the existence of more massive and more extended
substructures than those in the CDM counterparts. Those subhaloes
significantly enhance the shear field of the host cluster if they or-
thogonally aligned with the line of sight and they increase the con-
vergence if they aligned along the line of sight. We also found that
these WDM subhaloes significantly perturb the radial critical line
such that the lensing cross section for radial arcs is higher in the
WDM clusters than the CDM ones.
To pin down the effect substructures have on the lensing dis-
tribution, we examine their internal properties and mass growth.
In the companion study Elahi et al. (2014), we identify all bound
(sub)haloes of every snapshot of our simulated clusters using VE-
LOCIRAPTOR (Elahi et al. 2011). This code identifies haloes using
a 3D Friends-of-Friends (FoF) algorithm with a linking length of
0.2 times the interparticle spacing, then identifies dynamically dis-
tinct phase-space structures residing within each halo. We briefly
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Figure 10. Ratio between WDM and CDM subhalo counterparts of the
mass enclosed at the maximum circular velocity radius along with median,
16th and 84th percentiles of several mass bins.
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Figure 11. Ratio between WDM and CDM subhalo counterparts of the
maximum circular velocity radius along with median, 16th and 84th per-
centiles of several radial bins.
present here some of the salient findings concerning substructure
here (for more details see the companion paper Elahi et al. 2014).
The upper panel of Figure 9 shows the maximum circular veloc-
ity radius as a function of enclosed mass for the subhaloes associ-
ated with the most massive halo in the 10 clusters of CDM (cyan
crosses) and the WDM (violet crosses) versions. The lower panel
on the other hand shows the same plot for the CDM subhaloes that
have analogues in the WDM version of clusters. The cross cata-
logue is made by identifying each (sub)halo i in catalogue A that
shares particles with a (sub)halo j in catalogue B and the merit of
the initial matches is determined from Mij = N2A∩B/(NANB)
using the halo merger tree code of VELOCIRAPTOR, which is a
particle correlator (see Srisawat et al. 2013 for more details of this
code). The figure illustrates that on average for a given mass, WDM
subhaloes are more likely to have larger sizes than the CDM ana-
logues. Figure 10 shows the ratio between WDM and CDM sub-
halo counterparts of the mass enclosed at the maximum circular
velocity radius. The error bars represent the median, 16th and 84th
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Figure 12. The lensing cross section of the WDM version of the most mas-
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part with and without subhaloes, red circles and blue triangles, respectively.
The plot is produced by considering the same orientations with respect to
the los. The black solid line is the unity line.
percentiles of several mass bins. The figure illustrates that the me-
dian of the logarithmic ratio is larger than zero, which means the
WDM subhaloes are more massive than those in the CDM clusters.
Figure 11 shows the ratio between WDM and CDM subhalo coun-
terparts of the maximum circular velocity radius. The error bars
represent the median, 16th and 84th percentiles of several radial
bins. Again, the figure demonstrates the possibility of having more
extended WDM subhaloes than the CDM counterparts.
In order to check whether the boost in the lensing efficiency
of the WDM clusters comes from the subhaloes, we compute the
lensing properties of both versions of the most massive cluster (i.e.
c1) with and without projecting the particles in the subhaloes on
the lens plane. Figure 12 shows the cross section of 75 los of the
WDM version versus the cross section of the CDM counterpart by
considering subhaloes (red circles) and excluding them (blue trian-
gles). The figure demonstrates that by including the substructures,
the WDM version produces higher lensing efficiency for 84 % of
the lines of sight. This fraction drops off to 25% when excluding
the particles associated with substructures. This clearly proves that
the higher lensing efficiency of the WDM clusters is due to the con-
tribution of subhaloes.
5 DISCUSSION AND CONCLUSIONS
The lensing properties for two samples of simulated clusters in
the WDM and CDM cosmologies have been studied. Based on
the characteristics of WDM clusters, one would expect them to be
weaker lenses than the CDM counterparts as they are less centrally
concentrated and have fewer satellites than CDM analogues. The
results of this study show that the WDM clusters are slightly more
efficient lenses at producing giant arcs than the CDM counterparts.
We found that the key difference in the WDM clusters that sig-
nificantly enhances their lensing efficiency is the existence of more
extended and more massive substructures than those in the CDM
clusters. Those more massive substructures significantly enhance
the shear and convergence fields which in turn lead to a higher lens-
ing efficiency.
However, despite the enhancement in the lensing efficiency,
WDM alone cannot account for the differences seen between the-
ory and observation.
A more robust comparison regarding the effect of small-scale
substructures can be done by adopting recursive-TCM projection
algorithm that has recently been proposed by Angulo et al. (2013).
The advantage of this method is that there is no need for Gaus-
sian smoothing, and therefore small-scale substructures that are
washed away by smoothing remain. However, the contribution of
such small-scale substructures to the lensing efficiency is probably
not significant.
We found that eight of the WDM clusters produce higher cross
sections and Einstein radii than their CDM counterparts. However,
we found that the WDM version of the cluster c10 produces higher
cross section but smaller Einstein radius than its CDM counter-
part. Similarly, the WDM version of the cluster c2 produces smaller
cross section but larger Einstein radius than its CDM counterpart.
This can be attributed to the existence of some substructures which
are strong enough and relatively faraway from the center of a clus-
ter to develop their own critical lines and caustics. In such a case,
these substructures contribute to the lensing cross section but not
for Einstein radius as we compute Einstein radius only for the core
of clusters.
We have fit the function log(σ7.5) = m log(θE) + b to our
data and found that the relation for the WDM sample has a shal-
lower slope and higher normalisation than the CDM counterpart.
This is again due to the effect of substructures which substantially
affect the shear field. The source ellipticity becomes more signifi-
cant for the lensing cross section of the WDM lenses due to their
larger subhaloes. By comparing our results to those of Meneghetti
et al. (2011) and Killedar et al. (2012), we find a good agreement
between our fitting and that from Meneghetti et al. (2011). How-
ever, our fit disagrees with that from Killedar et al. (2012), this is
can be due to some physical differences of our clusters and theirs.
We conclude that despite the slight enhancement in the lens-
ing efficiency of WDM clusters, they fail to explain the arc statis-
tics problem as none of our clusters can reproduce the observed
cross sections and Einstein radii of four clusters in Meneghetti et al.
(2011). As a possible solution, we are going to study the effects of
baryonic physics on the lensing properties of WDM clusters. Fur-
thermore, we are planning to analyse the lensing characteristics of
clusters of galaxies drawn from other cosmologies, such as coupled
dark matter-dark energy models.
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